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Sound Radiation from Ducts for the Case of Low Mach Number

M.M. Wahbah* and W.C. Strahlet}
Georgia Institute of Technology, Atlanta, Georgia.

A new method for rapidly solving duct end-plane impedance problems is presented. The method is based on
deriving a new form of the Helmholtz integral formula expressing the normal derivative of the acoustic pressure
at a boundary point. A set of integral expressions is obtained by satisfying the existing boundary conditions, and
then solved using a general collocation method. The results obtained for the Levine-Schwinger problem agree
well with the exact values. In the case of a duct flow having a temperature mismatch with the surroundings, the
results show an increase in the magnitude of the reflection coefficient for the case of a cold core, and a decrease
in its value for the case of hot core, as compared with the case of exhaust into a uniform medium. A phase
change of between #/2 and ~ is nearly always achieved, which indicates the tendency towards maintaining a
constant pressure at the exit plane. The method can easily be extended to arbitrary duct shapes, as long as they
are axisymmetric; and the method consumes relatively little computer time.

I. Introduction

HE problem of core engine noise has been gaining strong

recognition in recent years. As with other noise sources
internal to a turbo-propulsion system, a major problem arises
in determining the noise radiated to the surroundings, given
the strength of the internal noise source. The problem is that
of the impedance of the engine or duct termination. This
problem arises in interpretation of the noise source strength
when testing combustor rigs and in determining core noise
strength from far-field sound measurements on engines. !

The reflection coefficient inside a duct, and hence the exit
plane impedance, is obtained by solving the problem of sound
radiation from a duct. This problem can be formulated as
Wiener-Hapf problem. 2

One technique used to solve this type of problem is called
the Wiener-Hopf technique, which employs the analyticity of
some functions of a complex variable in certain overlapping
upper and lower half-planes, and the concept of analytic
continuation. Levine and Schwinger?® usged this technique to
solve the problem of sound radiation from a circular duct in
the case of axially symmetric excitation. Carrier* extended
this work to a duct immersed in a uniform flow, and the
results can be expressed directly in terms of the Levine and
Schwinger solution. Lansing et al.’ extended this work
further for the asymmetric modes.

The major difficulty in using this technique is that it
requires the factorization of some functions of a complex
variable into the quotient of two functions, one of which is
analytic in the upper half-plane and the other is analytic in the
lower half-plane; this is, in general, not easy to carry out. To
solve this problem, Carrier® proposed the replacement of the
function to be factored by another one which matches the
exact one reasonably well and which may be easy to factor.
Mani’ adopted this procedure to solve the problem of
refraction of acoustic duct waveguide modes. Savkar and
Edelfelt® used the same technique to solve the problem of
radiation of duct acoustic modes with flow mismatch, in-
cluding the temperature mismatch as a special case, but they
did not calculate the reflection coefficient for this latter case.
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In addition to the factorization problem, the Wiener-Hopf
technique is limited, at least from the practical point of view,
to radiation from two parallel plates or circular cylinders.

The method presented in this paper employs a general
collocation method, which is a remarkably simple technique
for solving boundary-value problems.®!? It is based on ap-
proximating the exact solution by the sum of appropriate trail
functions. The coefficients of the assumed expansion are
obtained by satisfying the governing equations or some
existing conditions at a certain number of points. The
collocation method is a special case of the method of weighted
residuals, where the weighting function is a delta function.

To check this technique the method is first applied to the
Levine-Schwinger problem. Then it is extended to solve the
case where the temperature inside the duct and its extension is
different from that of the outside medium. The second model
approximates an actual jet engine at low exit Mach number
conditions and the experimental set up in Ref. 1. The com-
putations were carried out with the main objective to
determine the reflection coefficient required for the com-
bustion noise research in Ref. 1. It should be noted that the
method can be used to determine the complete sound field.

II. Levine-Schwinger Problem

New Formulation of the Problem

In this section we investigate the sound radiation from a
circular semi-infinite duct immersed in a quiescent uniform
medium. The duct walls are perfectly rigid and of negligible
thickness. We consider a plane wave moving toward the open
end. If the frequency of the incident wave is less than some
value, only plane waves can propagate in the pipe, and part of
the incident energy is returned back in a reflected wave of the
same type, as shown in Fig. 1.

Under the usual assumptions of linear acoustics, the
equations governing the propagation of simple harmonic
disturbances are

Vip+kip=0 )
v=—(i/pw) Vp 2)

where k=w/c, and p exp (—iwt) and v exp (—iwt) are the
acoustic pressure and. velocity, respectively. Although this
model represents the case of zero mean velocity, it can be
considered as.an approximation for the case of low Mach
number. For disturbances having a general time dependence,
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the analysis remains the same if we replace p and v by the
Fourier transform of the corresponding variable, in which
case w is the transform parameter. '

Equation (1) is satisfied at any point in the domain V
surrounded by the surface S (Fig. 1). The surface S is made up
of the inner and the outer surfaces of the duct, S; and S,, the
disk S;, and the spherical surface S,. The solution should
satisfy the condition of zero normal velocity at any point on
the duct surface, namely

9p(s) /dn, 3)

where n; is the unit outward normal at s. The value of pon S,
as L goes to infinity, is equal to the sum of the incident and
the reflected waves. Besides, the pressure must satisfy
Sommerfeld’s radiation condition on S, as a goes to infinity,
this condition providing the uniqueness of the solution. > In
view of the complexity of the boundary, an integral for-
mulation is suggested. The tool for this purpose is the
free space Green’s function

G(s,q) =exp(ikD(s,q)) /47D (s,q)

with D(s,q) denoting the distance between any two points s
and g in V. Using Green’s theorem, the pressure at any point
qis given by

p(q) =S s [G(s.q)n;- 9 p(s) —p(s)n,»V ,G(s,q)]dS; 4)

The integral in Eq. (4) can be written as the sum of integrals
over S;, S,, S;, and S,. The contributions from S; and S,
vanish as L and a go to infinity. Equation (4) then becomes

9 3
plg)= 5 s,+s2[G(5"” Bn—sp(s) —p(S)a—ns G(s,q)] ds; (5)

Applying the boundary condition of zero normal velocity
on the duct surface, Eq. (3), we get

3 3
pq)= _Ss,pl (s) on, G(s,q)dS; _sz’z (s) a_nSG(S’q)dSS

©
where p, (s) is the acoustic pressure at the point s on §; and
P> (s) isits value at the corresponding point on S,.

It should be noted that the unit normal », at some point on
the outer surface of the duct, S,, is opposite in direction to n;
at the corresponding point on the inner surface S; (Fig. 1). To
facilitate the manipulation of the above equation, we use the
cylindrical coordinates (r,, ®,, z,) to specify any point s and
denote the unit vectors in the directions of the coordinate axes
at this point by (e,,, e, €,;). Then

n,=—e,ifslieson S,

n,=e,if slieson'S,
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Fig.1 Nomenclature and duct schematic.
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Also,
D (5,q) =ri+ri—2rir,cos(ds—dg) +(2,—2,)

Noting that p(s) is independent of ¢, and denoting the
pressure discontinuity p, (z,) —p,(z,) across the duct surface
by P(z,), Eq. (6) becomes

p@=-| Pk, ™
where
2| F:]
Kso=|,[c6a] e, ®

Equation (7) confirms the assertion that the entire acoustic
field is completely determined by its boundary values on the
duct surface. We proceed now to determine P(z,).
integrals. The limits of these integrals are not equal to the
integrals at the limit owing to the singularity in the normal
derivative of the Green’s function, This limiting process leads
to the following surface Helmholtz integral formula

G (s,c)] as;, 9

! ()—S[G(s )i -p(s) i
5p(0)= ,C ansp(s) P o,

Equation (9) can be derived from a consideration of
properties of single- and double-layer distributions of
potential theory;'* or directly from Green’s theorm. !’
Cauchy principal values should be used in interpreting the
integrals occurring in this equation.

Similary, we obtain by differentiation of Eq. (4) and,
taking the limit as ¢ goesto ¢

a

1 3G
1 (5,) 3p(S) 4o
2 an.

an,  dn, ° (10)

p(c)=5

. d ]
-k —g —G{(s,q)d
q{rg an, p(s) on. (s,q)dS;

where d/0n, denotes the derivative along a line passing
through c in the direction of the outward normal. The integral
resulting from differentiation under the integral sign, together
with the direct substitution g=c, will diverge. Stallybrass'®
gave an interpretation of the limiting operation involved in
the second integral, in Eq. (10), where G(s,c) may be any
fundamental singularity of the Helmholtz equation, H(s,c),
and not necessarily the free space Green’s function G(s,c).
This interpretation is the key factor in the development of the
present new formulation. The result involves only convergent
integrals, at least in the Cauchy principal value sense, and we
mention it here for completeness

H >
dH (s,q) ds

im 2|
im P 5p(s) an, s

g—c OHn,

=SSP(S) (n.eng) V .+ V H(s,c)dS,
+] ) (rexn 19 x v s 10s,

+{ nex v H(s0) 1o 1nx v.p(s) 15, (1)

For the case of H(s,c) =G(s,c) the contribution from the
second integral vanishes and with

V.oV G(s,¢) =k’G(s,c)
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Eq. (10) becomes

1 9 aG (s,c) op(s) 5
= = —\ {k‘(n.ong G(s,c)
2ancp(c) S on. on, ds; S{ (ncons)p(s)G(

+[n.x v G(s,0) )+ [n;x Y p(s)]]dS, (12)

Equation (12) is a new form of the Helmhoitz integral for-
mula whick has not been used before in solving acoustics
problems.

The integrals in'Egs. (9) and (12) are the sum of their values
onS,, S5, S; and S,. If the point ¢ is confined to the finite
part of the duct surface, then the contributions from S; and
S, top(c) and dp(c)/dn. vanish as a and L go to infinity. 17

Finally, we obtain the following expressions for the
acoustic pressure-and its normal derivative at any point ¢ on
the duct surface

1o o) 8

=] 166072 pe ool a3

13p(e) _ 39G(s,0) () _, .

2 on _Ss,+si on. o, k?(n.en)p(s)G(s,c)
~ (X V.G(50)] (%X V.p(5)1}dS, (14)

where the integration is performed on S; and S, only. In the
present section we will use only Eq. (14), but both Egs. (13)
and (14) are necessary for use in Sec. I11.

It should be noted that the direct substitution of dp/dn=0,
on the duct surface, in'Eq. (13) is not sufficient to take care of
this boundary condition, and the resulting integral equation
does not necessarily imply this condition. We should use Eq.
(14) for this purpose.

Applying the boundary condition, Eq. (3), of zero normal
velocity on the duct surface in Eq. (14), we get

o=§s;+sz{k2 (neons)p(s)Gs,c)

+[n,X V.G(s,¢) ]+ [n,X V p(s) 1 1dS, (15)
Splitting this integral and using the relation

3P(s)

€ XV p(s)=— T €4s
S

Eq. (15) becomes

27 o
S odésg O[kzP(s)cos(d>S —-®.)G(s,c)

P(s) cos(®,—&,) 3G (s,c)

K
aZS azc

}dz, =0 (16)

Choosing the point ¢ as a reference for the angular in-
tegration, and noting that P(s) is independent of &, we
obtain the following integro-differential equation for the
pressure discontinuity across the duct surface

b dP(z
SO {kZP(ZS)GI (ZSJZC) + d(z S) GZ (ZS)ZC)] dz5=0; zc>0
: ' an
where
T eikD
Gi(z.2,) =Socos<1>? dé (18)
T ikD

e .
Gz(z:,zc)=(zc—zs)socosd>57 (ik—1/D)d® - (19)
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and D is the distance between the points s and ¢ which is given
by

D=[(z;,—2z.)°+2(]—cos®)] ¥ (20)

Equation (17) can be solved using a general collocation
method. We approximate P(z) by a sum of trial functions
and determine the coefficients involved in the expansion by
satisfying the integral equation at some number of collocation
points z.. The selection of the trial set of functions and the
choice of the points z. are the most important steps in any
procedure of this type.®

We observe that the radiation field is derived principally
from the surface discontinuity of the pressure on a section of
the duct, terminating at the open end, and whose linear

‘dimension is comparable to the wavelength. At low

frequencies, the length of this section is large compared to the
transverse dimension of the duct, and the radiation field can
be accurately derived from the asymptotic form of the
pressure within the duct. Hence

[P(2) Ik-o=€ " +R ™ @y

where R is the reflection coefficient inside the duct. Guided by
this fact, we assume the trial expression for P(z), throughout
the frequency range of purely plane-wave mode propagation
(k<3.832)'8 as

P(z)=e * 4R %1 Y a.f, (k2) 2)

where f, are the elements of the trail family and a, are the
unknown coefficients of expansion. In general, f, and a, are
complex quantities. '

The choice of Laguerre functions, as trial functions, is
suggested for the following reasons:

(1) The Laguerre functions constitute a complete set of
orthogonal functions over the interval from z=0 to z=o0;
hence, they are capable of expressing any reasonably well-
behaved function defined over this range.

(2) These functions are real functions of their own variable
and are defined by the recurrence relationship '°

Loe(2) = (2n+1-2)L,(2) —n’L,_;(2)
Lo(Z) =e-z/2

Li(z) =e ¥ (I-2) (23)
Consequently, we notice that these functions decay ex-
ponentially as z increases, resulting in the reduction of the
computation time for the evaluation of the infinite integrals in
Eq. (17).

Practically, the series is truncated to contain only a finite
number of terms, and Eq. (22) becomes

N
P(z)=e =%+ ) A,F,(2) 24
n=1
where
A;=R; Fi(z) =e™
An=an; Fn(z) =L,,_2(kZ) (n22)

Substitution of Eq. (24) into Eq. (17) yields

ZN: AHU :[kan (2,)G,(25,2.) + dF—;:L) G2(ZS)ZC)] dzs}

n=1

= - S O[kze “H5G (26,2) — ke T *5G L (26,2.) 1dz, (2> 0)
(25)
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By satisfying the above equation at (N—I) collocation points,
to be chosen according to guidelines discussed later, and
requiring the expansion to satisfy the condition of zero
pressure discontinuity at the open end z=0, namely

N
Y a,F,0=-1 (26)
n=1

we obtain a set of N simultaneous linear algebraic equations.
This set may be conviently written in the matrix notation

XA=Y (X))

where A is the unknown coefficient column-matrix.

The integrals in Eqgs. (25) are singular double integrals since
G, and G are themselves integrations with respect to ¢;.

Away from the singular point, the integrals in Eq. (25) can
be evaluated numerically by using any numerical integration
quadrature formula to evaluate the outer z, integration. In
doing this, the values of the G’s, at each point z; used in the
outer z, integration, are obtained numerically by evaluating
the integrals in Eqs. (18) and (19) using the same or another
quadrature formula. As the point z; approaches the point z,,
the integrands in Eq. (25), being functions of z,, give rise to
different types of singularities. Smaller step sizes should be
used in this region. The contribution from the final two steps,
adjacent to z., is computed by first determing the type of
singularity at this point and then using an equivalent one-step
integration formula in a manner consistent with the definition
of the Cauchy principle value. !’

Finally the solution of the set of Egs. (27) leads to the
knowledge of the reflection coefficient R along with the rest
of the expansion coefficients.

Results and Discussion

At low frequencies (k<1), the pressure discontinuity
across the duct surface is given by Eq. (21). By requiring this
expression to satisfy the condition of pressure continuity at
the open end, we get

R=-1

which is the exact value of R at zero frequency. On the other
hand, it is difficult to analytically obtain the limiting value of
R as k goes to zero, by considering the full system of Eqs.
Q7.

Several trials were made for a fixed wave number k& and a
fixed number of trail functions using different sets of
collocation points. The convergence to the exact value of the
reflection coefficient, as the number of trial functions in-
creased, was first achieved with the set of collocation points
chosen on the section of the duct whose length is equal to the
wavelength of the incident wave and terminating at the open
end. The convergence behavior of the trial series expansion
was less satisfactory when the collocation points were
distributed on a smaller section, terminating at the open end,
and the answers were significantly in error when this section
was smaller than half the wavelength of the incident wave.
Although the convergence behavior of the trial series: ex-
pansion was getting better as the length of this section was
increased, the number of terms in the expansion required for

convergence to the exact value of R was also increasing. In

summary, the optimum results were obtained with the
collocation points lying within the first wavelength of the
duct. !’ This conclusion is in agreement with the fact that the
radiation field is derived principally from the surface
discontinuity of the pressure on that section.

The larger the frequency value, the larger was the number
of terms in the trial expansion required for obtaining the
reflection coefficient, with some fixed percentage of error. In
fact, it was sufficient to use only the first three Laguerre
functions besides the incident and reflected waves, to obtain
the value of | R | with less than 5 percent error for k=1.0.
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The results are shown in Table 1 along with the
corresponding exact values. The computed values were ob-
tained with N=8 and with the collocation points equally
distributed in the interval o<z, <A.

As a concluding point of interest, a few comments on the
infinite velocity at the duct periphery (r=1, z=0) are deemed
appropriate. Studies on diffraction of acoustic waves from a
knife-edge and on potential flows around sharp projecting
edges show that the velocity at the edge is infinite. This is a
necessary consequence of the assumed irrotational character
of the motion. 2° Levine and Schwinger * showed that the axial
and the radial velocities have square-root singularities at the
duct periphery as z goes to 0 * or 0 ~, respectively. It follows
that dP(z,) /dz, in Eq. (17), being related to the component
of particle velocity in the axial direction, on the duct surface,
has a square-root singularity at z; = 0. Despite the existence of
this singularity, the answers resulting from satisfying the
integral Eqs. (17), using a series \expansion which is con-
tinuous at z=0, are in good agreement with the exact values.
This success is due to the fact that this singularity is an in-
tegrable one.

Finally, the computer time used to obtain the whole set of
expansion coefficients for every value of & was about 6
seconds on CDC Cyber 74.

III. Extension of the Method
to a Duct with Density Mismatch

Formulation of the Problem

In this problem the medium inside the duct and its cylin-
drical extension has a temperature which is different from the
outside medium, and the mean velocity is zero everywhere.
The present model can still be considered as an approximation
for the case of low Mach number. The definition sketch for
this problem is shown in Fig. 2.

The acoustic pressure is governed by

V?p,;+kip,=0inregion (1) (28)
v p,+kip,=0inregion (2) 29)
where
k;=w/c;
ky=w/c;

Here, and from now on, subscript 1 denotes quantities in
region (1) and the subscript 2 denotes quantities in region (2).

The steady-state static pressures in the two regions are
equal, and consequently, the ratio of the wave numbers, for
perfect gases and equal specific heat ratios, becomes

kytk;=~NT;/Ty=~Np;/p, (30)

where o and T are the steady-state density and temperature,
respectively.

The developments of Sec. II can be repeated, almost
identically, separately in each of the two regions to obtain the
acoustic pressure and its normal derivative at any point on S,

Table 1 Reflection coefficients for several k

R=1Rle™
k IRI IRI « o
Exact Computed Exact Computed
0.5 0.90 0.90 —2.56 -2.77
1.0 0.70 0.71 -2.10 -2.30
2.0 0.35 0.36 —1.46 —1.67
3.0 0.16 0.16 -1.28 —1.48
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that in the present problem, both S, and S, extend from z=
—o to z=o0, The results, for an arbitrary point ¢ on §;
(i=1,2) are

1 ap;(s) a
517,-(0) =S si[G,-(s,c)— 3 —pi(s)

G,(s,c)] s, G
n ang

—ki(n.ong)pi(s)Gi(s,c)

19p;(c) _S {aGi(s,c) pi(s)
2 on. JsU an.  an,

—[n.x V. .Gi(s,¢)]+[n;x ¥V p;(5)]}dS; (32)

where p; (s) is the acoustic pressure at any arbitraty point s on
S; and G, (s,¢) is the Green’s function G(s,c) with k=k,.

The solution should satisfy the following boundary con-
ditions:
a) Zero normal velocity on the inside surface of the duct

ap](zc)

=0 (z,>0, r=1) (33)
ar.

b) Zero normal velocity on the outside surface of the duct

a%f’—(ﬂw @.>0,r=1) (34)
r.

¢) Continuity of acoustic pressure on the duct extension
Pi(z)=p(2) (2.<0,r=1) (35)
d) Continuity of the radial acoustic particle velocity (which is

equivalent to the continuity of the radial displacement in this
problem) on the duct extension

X 1
1 9pi(z) _ 1 9pa(z) (2.<0,r=1)

Py or, ps Or

Using Eq. (30) this condition can be written as

ar, k, ar.

Substituting Egs. (31) and (32) into Egs. (33)-(36), and after
some manipulations, we obtain the following four integral
formulas expressing the above conditions

o ap_(z 0
E—m par( :) G4‘/(ZS,ZC)dZS "S [kip— (zs)Gl,](zs,zc)
5 — Qo
op_ (2,
+ paz( )Gz,l(Zs,Zp)]dzs —So[kip,-(zs)G/,z(zs,zc)
7] i(Z
+%Gu (zs,zc)] dz;=0(z.>0) 37N
S
/"—"_‘l\\
/,/ Region (2) \\\
1 /_/___________Sz___\
G N S A T
R ST Redion® |
r‘“—————'—“—'———‘——‘/
\ /

Fig.2 Duct with density mismatch.
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kx\2(° dp_(z
(‘z) S M G4,2 (zSJZC )dzs
k] -0 31’5

op_ (z)

0 .
- [¥r- @G @z's
o az,

GZ,Z (zs’zc )] dzs

apO (zs )
0z

0
- S [kgpa (ZS )Gl,z (zsxzc) + Gz,z (zsxzc )] dzs =0

(z:>0) (38)

S" ap_ (z,)

[G3,l (z:’zc ) + (_) GJ,2 (Zs,zc )] dz;
or,

Kk,
0
- S_mp— (zs ) [04,1 (zs:zc) +G4,2 (Z:’zc )] dzs
- SOP,' (25 )G4,I (ZS;ZC )dzs - S opo(zs) G4,2(zs»zc)dzs=0

(2.<0) , (39

So_“ap;%‘) [Gu(zs,z;) +G4,2(zs»zc):| dz,
_ So_m{kfp- (z) [G,,, (2,20} + G 5 (26,2, )]

ap .. (z,)
M az

[Gz,l (z5,2.) + ( %) 202,2 (2,2, )] } dz,

api (zs )
az,

= 02 @61 oz + 6, 2| e,

- ( %) ? S: [kgpo (2,)G;2(25,2.)
3py (z5)

+
9z,

Gys (22) 42,20 (2.<0) (40)

where p;, py, and p_ are the acoustic pressures on the inside
surface of the duct, outside surface of the duct, and on the
duct extension part of S,, respectively, and

op_ (z;) ={6p1 (s)]
r=1,z=x

ar, or, “h

G,; and G,; (i=1,2) are obtained from Egs. (18), (19) by
substituting K =k;. Furthermore

weik,-D
Gy (zze) = | Fdw - “2)
G Sﬂr eik,~D . 1
@z = | (1—cost) - (ik — - ) a @3)

where D is defined by Eq. (20).

It should be noted that aithough the conditons of continuity
of the pressure and the normal velocity on the duct extension
were used in writing the integral expressions (37) and (38), this
is not sufficient to take care of these conditions. The integral
expressions (39) and (40) result from imposing these two
conditions explicitly on the equations governing the sound
field, whereas Eqgs. (37) and (38) govern only surface quan-
tities. For example, to show that Eqs. (37) and (38) are not
sufficient to impose the condition of continuity of the acoustic
radial velocity, we consider the case in which the free space
Green’s function G (s,c) is replaced by another fundamental
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singularity of the Helmholtz equation, H (s,c), such that
dH (s,c) _
ar, h

In this case we have to use the general form of Stallybrass’s
result, Eq. (11). We notice that the additional term, which
vanishes in the case of G (s,c), does not include the normal
derivative of the pressure. In effect, the new form of Egs. (37)
and (38) will not include any information about the normal
derivative of the pressure. We conclude that the four
equations (37-40) should be used for the determination of the
unknown four surface functions.

We now proceed with this set of four integral expressions,
according to the guidelines proposed in the solution of the
Levine-Schwinger case, using a general collocation method.
Guided with the argument in Sec. II regarding the success in
using the Laguerre functions as trial functions, despite the
existence of infinite velocities at the duct periphery (r=1,
z=0) which exist also in the present problem, we assume a
trial function expansion for each of the four unknown func-
tions p; (2,), Py (25), p- (25),and dp _ (z,) /9r; as follows

0 (44)

W_(2)
=, = E] B,L, ;(—k;2) 45)
N
p_(2)= ECnLnAI(_kIz) (46)
n=] N3
pi(z)=e ¥+ )1 D,F,(z) @7)
n=1
Ny
po(2) = nElEnLn_, (k»2) (48)
with
F;(z)=e™*r

F,(z)y=L,_;(k;z) (n=2)

where L, (z) is the Laguerre function of order n, and B,,, C,,
D,, and E, are the unknown expansion coefficients. The
reflection coefficient is, by definition, equal to the coefficient
D,. The minus sign in the arguments of the Laguerre func-
tions, Egs. (45) and (46), exists because p_(z) and dp_
(z)/0r are defined over the range from z=—o to z=0,
whereas the Laguerre functions are defined over the range
from z=0to z=o, These expansions are then substituted into
Eqgs. (37)-(40). By satisfying the expressions (37), (38), (39),
and (40) at M,;, M,, M;, and M, collocation points,
respectively, and by requiring the expansions to satisfy the
conditions of pressure continuity at the open end of the duct
z2=0, namely

N N3
Y, c,.L,,(0)=1+ ) D,F,(0) (49)
n=1 n=1

1.0 ° EXACT
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N Ny
Y CiL,_(0)= Y, E,L,_,(0) (50)
n=1 n=1

we obtain a total number of N equations, where
N=M,+M,+M; +M,+2 (51)

By choosing N=N, +N, +N; +N,, we obtain a set of N
algebraic equations in the N unknown coefficients. This set
can be written in the following concise matrix notation

XA=Y (52)

where A is the unknown coefficient column matrix.

The same technique, described earlier is Sec. II, may be
used to evaluate the singular double integrals occurring in the
elements of X and Y. Finally, the solution of the set of Eqs.
(52) leads to the knowledge of the reflection coefficient along
with the rest of the expansion coefficients.

Results and Discussion

The same programming and numerical techniques,
described in Sec. II were used to obtain the solution for the
present case. .

To recover the Levine-Schwinger case, as k, goes to k;, the
results were obtained with N; =8 and N,=7. In addition,
Eqs. (37) and (38) were satisfied at the same seven collocation
points. This allows the cancellation of all terms expressing p _
(z) and dp_ (2) /9r from this set of equations and from the
conditions (49) and (50). This yields eight equations for the
determination of the pressure discontinuity across the duct
surface, which are the same as those given by Eq. (27).

The numerical solution was obtained for the case of N; =7
and N, =7. Thus, each unknown function was represented by
a series expansion which contains Laguerre functions up to
the sixth order. The numbers M, and M, were chosen ac-
cording to some analytical properties of the four integral
expressions. To this end, we consider the case in which the
free space Green’s function G(s,c) is replaced by the fun-
damental singularity H (s,c), defined by Eq. (44). In this case,

-2.8 ﬁ=0.5

1.0
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Fig.4 avsk,/k;fork;=0.5and1.0.
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tThe details of the elements of this matrix equation are given in
Ref. (17).
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the new form of Eqs. (37), (38), and (39), along with the
constraints (49) and (50), will not include the unknown
function dp_(z)/dr. Hence, to make the number of
equations containing the other three unknown functions equal
to the number of unknowns, we should have M,=6. Then,
for the same reason, M;=7. In fact, it was found that
satisfying the boundary condition of pressure continuity at
the duct extension at seven points and satisfying the condition
of normal velocity continuity on that surface at six points (i.e.
M ;=17 and M, = 6) yields better convergence behavior for the
expansion coefficients than the case with M; =6 and M,=17,
at high frequencies and at large differences between k,; and

2

The collocation points used in satisfying Eqs. (37) and (38)
were equally distributed in the range 0 <z, < \;,,., where \;,, is
the wavelength of the incident wave. Similarly, the collocation
points used in Egs. (39) and (40) were equally distributed in
therange — \;,. <2.<0.

It is worth mentioning here that when the coliocation points
in the range — A, <2, <0 are chosen to be the corresponding
points to those in the range 0 <z, <\, at the same distance
from the origin, and when the argument of the Laguerre
functions expressing the pressure on the outside surface of the
duct is taken to be (k;z) instead of (k,z), then most of the
integrals appearing in Eqs. (39) and (40), after substituting the
series expansions, become equal to others in Egs. (37) and
(38). Also some of the integrals occurring in Eq. (40) become
equivalent to others in Eq. (39). The computer time used to
obtain the whole set of expansion coefficients for specific
values of k; and &, using the above mentioned technique was
25 seconds on the CDC Cyber 74, whereas the time used when
these integrals were computed independently from each other
was 60 seconds.

The results are shown in Figs. 3 to 7 where the reflection
coefficient is expressed as R =1Rle’,

Practically, these figures show an increase in the magnitude
of the reflection coefficient for the case of a cold core (k, <
k;), and a decrease in its value for the case of hot core (k,>
k;), as compared with the case of completely uniform
medium (k,=k;) which is solved exactly by Levine and
Schwinger. 3 Their values are indicated by small circles ( © ) on
Fig. 3. Attempts to reason these results on a physical basis
have not been successful. On the other hand, the figures do
not indicate a similar general behavior for the phase change o,

1.0
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but a phase change of between n/2 and = is nearly always
achieved, which indicates the tendency towards maintaining a
constant pressure at the exit plane. '

Although it is difficult to analytically obtain the limiting
value of R as the frequency gogs to zero, the figures shown an
apparent convergence of |R| toward the value 1 and of «
toward the value 7 as k; goes to zero.

Figures 6 and 7 show the values of |R| and «, as functions
of the frequency of the incident wave, for a hot core case with
T,/T,=2 (k,k;=V2), along with the corresponding values,
obtained in the present analysis, for the completely uniform
medium (k,=k/).

Conclusions

A new method for rapidly solving problems of sound
radiation from a semi-infinite duct for the case of low Mach
number has been developed and a new form of the Helmholtz
integral formula is presented. The results obtained for the
Levine-Schwinger problem agree well with the exact values. In
the case of a duct flow having a temperature mismatch with
the surroundings, the results show an increase in the
magnitude of the reflection coefficient for the case of a cold
core, and a decrease in its value for the case of a hot core, as
compared with the case of exhaust into a uniform medium. A
phase change of between n/2 and = is nearly always achieved,
which indicates the tendency towards maintaining a constant
pressure at the exit plane. The method can easily be extended
to arbitrary duct shapes, as long as they are axisymmetric;
and the method consumes relatively little computer time.
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It is generally the objective of the designer of a moving vehicle to reduce the base drag—that is, to raise the base pressure to a
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base pressure. This book is especially devoted to a study of the various aspects of base flow control through injection and
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The determination of an optimal scheme of injection and combustion for reducing base drag requires an examination of the
total flowfield, including the effects of Reynolds number and Mach number, and requires also a knowledge of the burning
characteristics of the fuels that may be used for this purpose. The location of injection is also an important parameter,
especially when there is combustion. There is engineering interest both in injection through the base and injection upstream of
the base corner. Combustion upstream of the base corner is commonly referred to as external combustion. This book deals
with both base and external combustion under small and large injection conditions.

The problem of base pressure control through the use of a properly placed combustion source requires background
knowledge of both the fluid mechanics of wakes and base flows and the combustion characteristics of high-energy fuels such
as powdered metals. The first paper in this volume is an extensive review of the fluid-mechanical literature on wakes and base
flows, which may serve as a guide to the reader in his study of this aspect of the base pressure control problem.
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